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JORDAN-LIE INNER IDEALS OF FINITE DIMENSIONAL
ASSOCIATIVE ALGEBRAS
A. A. BARANOV AND H. SHLAKA
Abstract. We study Jordan-Lie inner ideals of finite dimensional associative algeb-
ras and the corresponding Lie algebras and show that they admit Levi decompositions.
Moreover, we classify Jordan-Lie inner ideals satisfying a certain minimality condition
and show that they are generated by pairs of idempotents.
1. Introduction
Let L be a Lie algebra. A subspace B of L is said to be an inner ideal of L if
[B, [B,L]] ⊆ B. Note that every ideal is an inner ideal. On the other hand, there are
inner ideals which are not even subalgebras. This makes them notoriously difficult to
study. Inner ideals were first introduced by Benkart [7, 8]. She showed that inner ideals
and ad-nilpotent elements of Lie algebras are closely related. Since certain restrictions
on the ad-nilpotent elements yield an elementary criterion for distinguishing the non-
classical from classical simple Lie algebras in positive characteristic, inner ideals play a
fundamental role in classifying Lie algebras [16, 17]. Inner ideals are useful in construct-
ing grading for Lie algebras [15]. It was shown in [13] that inner ideals play role similar
to that of one-sided ideals in associative algebras and can be used to develop Artinian
structure theory for Lie algebras. Inner ideals of classical Lie algebras were classified
by Benkart and Fernndez Lpez [7, 9], using the fact that these algebras can be obtained
as the derived Lie subalgebras of (involution) simple Artinian associative rings. In this
paper we use a similar approach to study inner ideals of the derived Lie subalgebras of
finite dimensional associative algebras. These algebras generalize the class of simple Lie
algebras of classical type and are closely related to the so-called root-graded Lie algeb-
ras [1]. They are also important in developing representation theory of non-semisimple
Lie algebras (see [5, 6]). As we do not require our algebras to be semisimple we have
a lot more inner ideals to take care of (as every ideal is automatically an inner ideal),
so some reasonable restrictions are needed. We believe that such a restriction is the
notion of a Jordan-Lie inner ideal introduced by Fernndez Lpez in [12]. We need some
notation to state our main results.
The ground field F is algebraically closed of characteristic p ≥ 0. Let A be a finite
dimensional associative algebra over F and let R be the radical of A. Recall that A
becomes a Lie algebra A(−) under [x, y] = xy − yx. Put A(0) = A(−) and A(k) =
[A(k−1), A(k−1)], k ≥ 1. Let L = A(k) for some k ≥ 0 and let B be an inner ideal of L.
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Then B is said to be Jordan-Lie if B2 = 0. Denote by B¯ the image of B in L¯ = L/R∩L.
Let X be an inner ideal of L¯. We say that B is X-minimal (or simply, bar-minimal) if
B¯ = X and for every inner ideal B′ of L with B¯′ = X and B′ ⊆ B we have B′ = B. Let
e and f be idempotents in A. Then (e, f) is said to be a strict orthogonal idempotent
pair in A if ef = fe = 0 and for each simple component S of A¯ = A/R, the projections
of e¯ and f¯ on S are both either zero or non-zero. We are now ready to state our main
results.
Theorem 1.1. Let A be a finite dimensional associative algebra and let B be a Jordan-
Lie inner ideal of L = A(k) (k ≥ 0). Suppose p 6= 2, 3. Then B is bar-minimal if and
only if B = eAf where (e, f) is a strict orthogonal idempotent pair in A.
Let B be an inner ideal of L = A(k) (k ≥ 0). Then B is said to be regular (with
respect to A) if B is Jordan-Lie (i.e. B2 = 0) and BAB ⊆ B (see also Proposition 6.21
for an alternative description in terms of the orthogonal pairs of one-sided ideals of A).
Corollary 1.2. Let A be a finite dimensional associative algebra and let L = A(k)
(k ≥ 0). Let B be a Jordan-Lie inner ideal of L. Suppose p 6= 2, 3 and B is bar-
minimal. Then B is regular.
It follows that all bar-minimal inner ideals are regular. It was also proved in [2,
4.11] that all maximal abelian inner ideals of simple rings are regular. The regularity
conditions B2 = 0 and BAB ⊆ B imply the original one ([B, [B,L]] ⊆ B) and are
much easier to check, so it is an interesting question to describe the class of all finite
dimensional algebras A such that all Jordan-Lie inner ideals of A(k) are regular. We
believe that most algebras A are in this class. However, exceptions do exists, as Example
6.17 shows.
Let B be an inner ideal of L = A(k) (k ≥ 0). Then we say that B splits in A if there
is a Levi (i.e. maximal semisimple) subalgebra S of A such that B = BS ⊕ BR, where
BS = B ∩ S and BR = B ∩R (Definition 6.5).
Corollary 1.3. Let A be a finite dimensional associative algebra and let L = A(k)
(k ≥ 0). Let B be a Jordan-Lie inner ideal of L. Suppose p 6= 2, 3. Then B splits in A.
In the proof of Theorem 1.1 we use the following result, which describes the poset of
bar-minimal Jordan-Lie inner ideals of L and has an independent interest (see Section
3 for the definitions of the relations ≤,
LR
≤ and
LR
∼ ).
Theorem 1.4. Let A be an Artinian ring or a finite dimensional associative algebra
and let (e, f) and (e′, f ′) be idempotent pairs in A. Suppose that (e, f) is strict. Then
the following hold.
(i) If (e, f) 6= (0, 0) then eAf 6= 0.
(ii) eAf ⊆ e′Af ′ if and only if (e, f)
LR
≤ (e′, f ′).
(iii) Suppose that (e′, f ′) is strict. Then eAf = e′Af ′ if and only if (e, f)
LR
∼ (e′, f ′).
(iv) Suppose that eAf ⊆ e′Af ′. Then there exists a strict idempotent pair (e′′, f ′′)
in A such that (e′′, f ′′) ≤ (e′, f ′), (e′′, f ′′)
LR
∼ (e, f) and e′′Af ′′ = eAf .
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Remark 1.5. It is well-known that every finite dimensional unital algebra is Artinian
as a ring. In particular, semisimple finite dimensional algebras are Artinian. However,
this is not true for non-unital algebras (e.g. for the one dimensional algebra over Q with
zero multiplication). This is why we refer to both Artinian rings and finite dimensional
algebras in the theorem above.
2. Preliminaries
Throughout this paper, unless otherwise specified, A is a finite dimensional associat-
ive algebra over F, R = radA is the radical of A, S is a Levi (i.e. maximal semisimple)
subalgebra of A, so A = S ⊕ R; L = A(k) for some k ≥ 0, radL is the solvable radical
of L and N = R ∩ L is the nil-radical of L. If V is a subspace of A, we denote by V¯
its image in A¯ = A/R. In particular, L¯ = (L + R)/R ∼= L/N . Since R is a nilpotent
ideal of A the ideal N = R ∩ L of L is also nilpotent, so N ⊆ radL. It is easy to see
that N = radL if p = 0 and k ≥ 1, so L/N is semisimple in that case. Recall that a
Lie algebra L is perfect if [L, L] = L.
Definition 2.1. Let Q be a Lie algebra. We say that Q is a quasi (semi)simple if Q is
perfect and Q/Z(Q) is (semi)simple.
Herstein [11, Theorem 4] proved that if A is a simple ring of characteristic different
from 2, then A(1) = [A,A] is a quasi simple Lie ring. In particular, we have the following
well-known fact.
Lemma 2.2. Let p 6= 2, n ≥ 2 and let A = Mn(F). Then [A,A] = sln(F) is quasi
simple. In particular, A(∞) = A(1).
Note that the case of p = 2 is exceptional indeed as the algebra sl2(F) is solvable in
characteristic 2.
Proposition 2.3. Suppose A is semisimple and p 6= 2. Then [A,A] is quasi semisimple.
In particular, A(∞) = A(1).
Proof. Since A is semisimple, A =
⊕
i∈I Si where the Si are simple ideals of A. Since
F is algebraically closed, Si ∼= Mni(F) for some ni. Note that [Si, Si] = 0 if ni = 1 and
[Si, Si] ∼= slni(F) if ni ≥ 2. Now the result follows from Lemma 2.2. 
Definition 2.4. Let M be a finite dimensional Lie algebra and let Q be a quasi
semisimple subalgebra of M . We say that Q is a quasi Levi subalgebra of M if there is
a solvable ideal P of M such that M = Q⊕P . In that case we say that M = Q⊕P is
a quasi Levi decomposition of M .
Recall that N = R ∩ L is the nil-radical of L = A(k).
Proposition 2.5. Let S be a Levi subalgebra of A and let L = [A,A] and Q = [S, S].
Suppose p 6= 2. Then N = [S,R] + [R,R], Q is a quasi Levi subalgebra of L and
L = Q⊕N is a quasi Levi decomposition of L. Moreover, N = [S,R] if R2 = 0.
Proof. We have L = [A,A] = [S ⊕ R, S ⊕ R] = [S, S] + [S,R] + [R,R] = Q⊕N where
Q = [S, S] is quasi semisimple by Proposition 2.3 and [S,R] + [R,R] = L ∩ R = N is
the nil-radical of L, as required. 
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A subspace B of A is said to be a Lie inner ideal of A if B is an inner ideal of
L = A(−), that is [B, [B,L]] ⊆ B. A subspace B of A is said to be a Jordan inner ideal
of A if B is an inner ideal of the Jordan algebra A(+) [12]. If B2 = 0, then B is an inner
ideal of the Jordan algebra A(+) if and only if it is an inner ideal of the Lie algebra
A(−). Indeed, since B2 = 0, one has
(2.1) [b, [b′, x]] = −bxb′ − b′xb
for all b, b′ ∈ B and all x ∈ A. This justifies the following definition.
Definition 2.6. [12] An inner ideal B of L = A(k) is said to be Jordan-Lie if B2 = 0.
It follows from Benkart’s result [7, Theorem 5.1] that if A is a simple Artinian ring of
characteristic not 2 or 3, then every inner ideal of [A,A]/(Z(A)∩ [A,A]) is Jordan-Lie.
For b, b′ ∈ B and x ∈ L, we denote by {b, x, b′} the Jordan triple product
{b, x, b′} := bxb′ + b′xb.
The following lemma follows immediately from (2.1) and the definition.
Lemma 2.7. Let L = A(k) for some k ≥ 0 and let B be a subspace of L. Then B is
a Jordan-Lie inner ideal of L if and only if B2 = 0 and {b, x, b′} ∈ B for all b, b′ ∈ B
and x ∈ L.
Recall that our algebra A is non-unital in general. Let Aˆ = A + F1Aˆ be the algebra
obtained from A by adding the external identity element. The following lemma shows
that the Jordan-Lie inner ideals of Aˆ(k) are exactly those of A(k) for all k ≥ 0.
Lemma 2.8. Let B be a subspace of A. Then B is a Jordan-Lie inner ideal of A(k) if
and only if B is a Jordan-Lie inner ideal of Aˆ(k) (k ≥ 0).
Proof. Note that Aˆ(k) = A(k) for all k ≥ 1, so we only need to consider the case when
k = 0, i.e. A(k) = A(−). If B is a Jordan-Lie inner ideal of A then [B, [B, Aˆ]] =
[B, [B,A+F1Aˆ]] = [B, [B,A]] ⊆ B, so B is a Jordan-Lie inner ideal of Aˆ. Suppose now
that B is a Jordan-lie inner ideal of Aˆ. Then B˜ = (B+A)/A is a Jordan-Lie inner ideal
of Aˆ/A ∼= F. Since B˜2 = 0, we get that B˜ = 0, so B ⊆ A. Therefore, B is a Jordan-Lie
inner ideal of A. 
Recall that idempotents e and f are said to be orthogonal if ef = fe = 0.
Lemma 2.9. Let A be a ring and let Z(A) be the center of A. Let e and f be idempotents
in A such that fe = 0. Then
(i) eAf ∩ Z(A) = 0;
(ii) B = eAf ∩ A(k) is a Jordan-Lie inner ideal of A(k) for all k ≥ 0;
(iii) eAf is a Jordan-Lie inner ideal of A(−) and of A(1);
(iv) there exists an idempotent g in A such that g is orthogonal to e and eAf = eAg,
Proof. (i) Let z ∈ eAf ∩ Z(A). Then z = eaf for some a ∈ A. Since z ∈ Z(A), we
have 0 = [e, z] = [e, eaf ] = eaf = z. Therefore, eAf ∩ Z(A) = 0.
(ii) We have B2 ⊆ eAfeAf = 0 and [B, [B,A(k)] ⊆ BA(k)B ∩A(k) ⊆ eAf ∩A(k) = B,
as required.
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(iii) This follows from (ii) as eAf = [e, eAf ] ⊆ [A,A].
(iv) Put g = f − ef . Then g2 = (f − ef)2 = f 2 − eff = f − ef = g, so g is an
idempotent in A. Since ge = (f − ef)e = 0 and eg = e(f − ef) = ef − ef = 0, e and g
are orthogonal. It remains to show that eAf = eAg. We have eAg = eA(f−ef) ⊆ eAf
and eAf = eAf(f − ef) = eAfg ⊆ eAg, as required. 
We note the following standard properties of inner ideals.
Lemma 2.10. Let L be a Lie algebra and let B be an inner ideal of L.
(i) If M is a subalgebra of L, then B ∩M is an inner ideal of M .
(ii) If P is an ideal of L, then B + P/P is an inner ideal of L/P .
3. Idempotent pairs
The aim of this section is to prove Theorem 1.4, which describes the poset of Jordan-
Lie inner ideals generated by idempotents. We start by recalling some well known
relations on the sets of idempotents.
Definition 3.1. Let A be a ring and let e and e′ be idempotents in A. Then
(1) e is said to be left dominated by e′, written e
L
≤ e′, if e′e = e.
(2) e is said to be right dominated by e′, written e
R
≤ e′, if ee′ = e.
(3) e is said to be dominated by e′, written e ≤ e′, if e is a left and right dominated
by e′, that is, if e
L
≤ e′ and e
R
≤ e′, or equivalently, ee′ = e′e = e.
(4) Two idempotents e and e′ are called left equivalent, written e
L
∼ e′, if e
L
≤ e′ and
e′
L
≤ e.
(5) Two idempotents e and e′ are called right equivalent, written e
R
∼ e′, if e
R
≤ e′ and
e′
R
≤ e.
Remark 3.2. (1) It is easy to see that
L
≤ and
R
≤ are preorder relations, ≤ is a partial
order and
L
∼ and
R
∼ are equivalences. Note that if A is Artinian, then the set of all
idempotents satisfies the descending chain condition with respect to the partial order
≤.
(2) If e and e′ are idempotents in A, then it is easy to check that e ≤ e′ if and only
if e′ = e+ e1 for some idempotent e1 in A with e1e = ee1 = 0.
The following lemma is well-known.
Lemma 3.3. Let A be a ring and let e and e′ be idempotents in A. Then
(i) e
L
≤ e′ if and only if eA ⊆ e′A.
(ii) e
L
∼ e′ if and only if eA = e′A.
(iii) If e
L
≤ e′, then there is an idempotent e′′ in A such that e′′ ≤ e′ and e′′
L
∼ e.
Proof. (i) Since e
L
≤ e′, we have eA = e′eA ⊆ e′A. On the other hand, if eA ⊆ e′A,
then e = ee ∈ e′A, so e′e = e, as required.
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(ii) This follows from (i).
(iii) Put e′′ = e′ee′ = ee′. Then e′′2 = ee′ee′ = eee′ = ee′ = e′′, so e′′ is an idempotent.
Since e′e′′ = e′(e′ee′) = e′ee′ = e′′ and e′′e′ = (e′ee′)e′ = e′ee′ = e′′, we have e′′ ≤ e′. It
remains to note that e′′e = (ee′)e = e(e′e) = ee = e and ee′′ = e(ee′) = ee′ = e′′, so
e
L
∼ e′′, as required. 
We say that (e, f) is an idempotent pair in A if both e and f are idempotents in A.
Moreover, (e, f) is orthogonal if ef = fe = 0.
Definition 3.4. Let A be a ring and let e, e′, f and f ′ be idempotents in A. We say
that
(1) (e, f) is left-right dominated by (e′, f ′), written (e, f)
LR
≤ (e′, f ′), if e
L
≤ e′ and
f
R
≤ f ′.
(2) (e, f) is dominated by (e′, f ′), written (e, f) ≤ (e′, f ′), if e ≤ e′ and f ≤ f ′.
(3) (e, f) and (e′, f ′) are left-right equivalent, written (e, f)
LR
∼ (e′, f ′), if (e, f)
LR
≤
(e′, f ′) and (e′, f ′)
LR
≤ (e, f).
Using Remark 3.2, we get the following.
Remark 3.5. (1) The relation
LR
≤ is a preorder, ≤ is a partial order and
LR
∼ is an
equivalence. If A is Artinian, then the set of all idempotent pairs satisfies the descending
chain condition with respect to ≤.
(2) (e, f) ≤ (e′, f ′) if and only if e′ = e+ e1 and f
′ = f + f1 for some idempotents e1
and f1 in A with e and e1 (resp. f and f1) orthogonal.
Lemma 3.6. Let A be a ring. Let (e, f) and (e′, f ′) be idempotent pairs in A with
(e, f)
LR
≤ (e′, f ′). Then there is an idempotent pair (e′′, f ′′) in A such that (e′′, f ′′) ≤
(e′, f ′) and (e′′, f ′′)
LR
∼ (e, f).
Proof. This follows from Lemma 3.3(iii). 
Proposition 3.7. Let A be a simple ring and let e, e′, f and f ′ be non-zero idempotents
in A. Then we have the following.
(i) eAf 6= 0.
(ii) eAf ⊆ e′Af ′ if and only if (e, f)
LR
≤ (e′, f ′).
(iii) eAf = e′Af ′ if and only if (e, f)
LR
∼ (e′, f ′).
Proof. (i) Note that AeA is a two-sided ideal of A containing e. Since A is simple,
AeA = A. Similarly, AfA = A. If eAf = 0 then A2 = AeAAfA = AeAfA = 0, which
is a contradiction.
(ii) Suppose first that eAf ⊆ e′Af ′. Then e′eaf = eaf for all a ∈ A, so (e′e−e)af = 0
for all a ∈ A. Hence, e′e− e belongs to the left annihilator H of Af in A. Note that H
is a two-sided ideal of A. Since A is simple, we have H = A or 0. As f 6∈ H (because
f(ff) = f 6= 0), H = 0, so e′e− e = 0, or e′e = e. Hence, e
L
≤ e′. Similarly, we obtain
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f
R
≤ f ′. Therefore, (e, f)
LR
≤ (e′, f ′). Suppose now that (e, f)
LR
≤ (e′, f ′). Then e′e = e
and ff ′ = f , so eAf = e′eAff ′ ⊆ e′Af ′, as required.
(iii) This follows from (ii). 
Definition 3.8. (1) Let A be a semisimple Artinian ring and let {Si | i ∈ I} be the set
of its simple components. Let e and f be non-zero idempotents in A and let ei (resp.
fi) be the projection of e (resp. f) to Si for each i ∈ I. Then the pair (e, f) is said to
be strict if for each i ∈ I, ei and fi are both either non-zero or zero.
(2) Let A be an Artinian ring or a finite dimensional algebra and let R be its radical.
Let e and f be non-zero idempotents in A. We say that (e, f) is strict if (e¯, f¯) is strict
in A¯ = A/R.
The following lemma follows directly from the definition and Proposition 3.7(i).
Lemma 3.9. Let A be a semisimple Artinian ring and let (e, f) be a non-zero strict
idempotent pair in A. Then eAf 6= 0.
Now, we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. Recall that (e, f) and (e′, f ′) are idempotent pairs in A with
(e, f) being strict.
(i) By Definition 3.8 (2), (e¯, f¯) is a strict idempotent pair in A¯, so by Proposition
3.9, e¯A¯f¯ 6= 0. Therefore, eAf 6= 0, as required.
(ii) We need to show that eAf ⊆ e′Af ′ if and only if (e, f)
LR
≤ (e′, f ′). If (e, f)
LR
≤
(e′, f ′), then eAf = e′eAff ′ ⊆ e′Af ′, as required.
Suppose now that eAf ⊆ e′Af ′. We need only to check that e
L
≤ e′ (the proof for
f
R
≤ f ′ is similar). Assume to the contrary that e′e 6= e. Then r = e′e − e 6= 0. Fix
minimal n ≥ 1 such that r /∈ Rn. By taking quotient of A by Rn we can assume that
Rn = 0 and r ∈M where M = Rn−1 if n > 1 and M = A (with A being semisimple) if
n = 1. Since MR ⊆ Rn = 0, the right A-module M is actually an A¯-module. Note that
re = (e′e − e)e = e′e − e = r, so re¯ = r 6= 0. Let {Si | i ∈ I} be the set of the simple
components of A¯ and let e¯i be the projection of e¯ to Si. Since re¯ 6= 0, there is i ∈ I
such that re¯i 6= 0, so re¯iSi is a non-zero unital right Si-submodule of M . Moreover,
it is isomorphic to a direct sum of copies of the natural Si-module. Since e¯i 6= 0 and
(e, f) is strict, f¯i 6= 0, so re¯Sif¯ = re¯iSif¯i 6= 0. In particular, there is a ∈ A such that
re¯a¯f¯ 6= 0. As r = e′e− e, we have that (e′e− e)e¯a¯f¯ 6= 0, or equivalently, e′x 6= x where
x = ee¯a¯f¯ = eaf . On the other hand, x ∈ eAf ⊆ e′Af ′, so e′x = x, a contradiction.
Therefore, e
L
≤ e′, as required.
(iii) This follows from (ii).
(iv) This follows from Lemma 3.6 and (iii). 
4. Jordan-Lie inner ideals of semisimple algebras
Recall that A is a finite dimensional associative algebra over F (unless otherwise
stated). If A is simple then A can be identified with EndF V for some finite dimensional
vector space V over F. By fixing a basis of V we can represent the algebra EndF V in
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the matrix formMn(F), where n = dimV . We say thatMn(F) is a matrix realization of
A. Recall that every idempotent of Mn(F) is diagonalizable (as its minimal polynomial
is a divisor of t2 − t). Since orthogonal idempotents commute, we get the following.
Lemma 4.1. Let (e, f) be an orthogonal idempotent pair in A. Suppose A is simple.
Then there is a matrix realization of A such that e and f can be represented by the diag-
onal matrices e = diag(1, . . . , 1, 0, . . . , 0) and f = diag(0, . . . , 0, 1, . . . , 1) with rk(e) +
rk(f) ≤ n.
Benkart proved that if A is a simple Artinian ring of characteristic not 2 or 3, then
every inner ideal of [A,A]/(Z(A)∩ [A,A]) is induced by idempotents [8, Theorem 5.1].
We will need a slight modification of this result.
Theorem 4.2. Let A be a simple Artinian ring of characteristic not 2 or 3. Let B be
Jordan-Lie inner ideal of [A,A]. Then there exists orthogonal idempotent pair (e, f) in
A such that B = eAf .
Proof. Let Z be the center of A and let Bˆ be the image of B in Aˆ = [A,A]/(Z∩ [A,A]).
Then Bˆ is an inner ideal of Aˆ and by [7, Theorem 5.1], there are idempotents e and f in
A with fe = 0 such that Bˆ is the image of eAf in Aˆ. We wish to show that B = eAf .
Let b ∈ B. Then b = eaf + z for some a ∈ A and z ∈ Z. As B2 = 0 (because B is
Jordan-Lie),
0 = b2 = (eaf + z)(eaf + z) = e(2az)f + z2.
Hence, by Lemma 2.9(i), we obtain z2 = e(−2az)f ∈ eAf ∩Z(A) = 0. Therefore, z = 0
and B ⊆ eAf . Conversely, let a ∈ A. Then there is z ∈ Z such that eaf + z ∈ B.
As above, we obtain z = 0. Therefore, eaf ∈ B, so B = eAf . Since fe = 0, by
Lemma 2.9(iv), there is an idempotent g in A such that g and e are orthogonal and
B = eAf = eAg. 
Lemma 4.3. Let B be a Jordan-Lie inner ideal of L = [A,A]. Suppose A is simple
and p 6= 2, 3. Then there is a matrix realization Mn(F) of A and integers 1 ≤ k < l ≤ n
such that B = span {est | 1 ≤ s ≤ k < l ≤ t ≤ n}, where est are matrix units.
Proof. This follows from Theorem 4.2and Lemma 4.1. 
Recall that every simple Artinian ring A is Von Neumann regular, i.e. for every
x ∈ A there is y ∈ A such that x = xyx [10].
Lemma 4.4. Let A be a simple Artinian ring of characteristic not 2 or 3 and let B be
a Jordan-Lie inner ideal of A(1). Then B = [B, [B,A(1)]].
Proof. We need only to show that B ⊆ [B, [B,A(1)]. Let b ∈ B. By Theorem 4.2,
B = eAf for some orthogonal idempotents e and f in A, so b = eaf for some a ∈ A.
Since A is Von Neumann regular, b = bxb for some x ∈ A. Hence, eaf = b = bxb =
(eaf)x(eaf). Put y = fxe = [f, fxe] ∈ A(1). Then b = byb, so [b, [b, y]] = −2byb = −2b.
This implies b ∈ [B, [B,A(1)], as required. 
Let L be a finite dimensional semisimple Lie algebra and let {Li | i ∈ I} be the set
of the simple components of L. If B is an inner ideal of L and the ground field is of
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characteristic p 6= 2, 3, 5, 7 then B =
⊕
i∈I Bi, where Bi = B ∩ Li (see [14, Proposition
2.3]). As the following lemma shows we need less restrictions on p if L = [A,A] and B
is Jordan-Lie.
Lemma 4.5. Suppose A is semisimple and p 6= 2, 3. Let {Si | i ∈ I} be the set of the
simple components of A and let B be a Jordan-Lie inner ideal of L = [A,A]. Then
B =
⊕
i∈I Bi, where Bi = B ∩ Si is a Jordan-Lie inner ideal of [Si, Si].
Proof. Let ψi : L → Li, ψi((x1, . . . , xi, . . .) = xi, be the natural projection. We need
to show that ψi(B) = Bi. By Lemma 2.10, ψi(B) is a Jordan-Lie inner ideal of Li.
Clearly, Bi ⊆ ψi(B). On the other hand, by Lemma 4.4
ψi(B) = [ψi(B), [ψi(B), Li]] ⊆ [B, [B,Li]] ⊆ B ∩ Li = Bi
for all i ∈ I. Therefore, B =
⊕
i∈I Bi. Since B ⊆ [A,A] we have Bi ⊆ [Si, Si], as
required. 
The following proposition first appeared in [18, Lemma 6.6] in the case p = 0.
Lemma 4.6. Suppose A is semisimple and p 6= 2, 3. Let B be a Jordan-Lie inner ideal
of L = [A,A]. Then there exists a strict orthogonal idempotent pair (e, f) in A such
that B = eAf .
Proof. Let {Si | i ∈ I} be the set of the simple components of A. Using Theorem 4.2
and Lemma 4.5 we get that B =
⊕
i∈I eiSifi for some orthogonal idempotent pairs
(ei, fi) in Si. Moreover, we can assume that ei = fi = 0 if Bi = B ∩ Si = 0. Put
e =
∑
i∈I ei and f =
∑
i∈I fi. Then (e, f) is a strict orthogonal idempotent pair in A
and eAf =
⊕
i∈I eiSifi = B, as required. 
Lemma 4.7. Suppose A is semisimple and p 6= 2, 3. Let B be a Jordan-Lie inner ideal
of A(−). Then B is a Jordan-Lie inner ideal of [A,A].
Proof. Let b ∈ B. Since A is Von Neumann regular, there is x ∈ A such that b = bxb.
As b2 = 0,
b = bxb = b(xb)− (xb)b = [b, xb] ∈ [A,A].
Therefore, B ⊆ [A,A], so B is a Jordan-Lie inner ideal of [A,A]. 
Lemmas 4.6 and 4.7 imply that all Jordan-Lie inner ideals of A(−) are generated by
idempotents, which is essentially known, see for example [12, Theorem 6.1(2)]. We
summarize description of Jordan-Lie inner ideals of A(k) in the following proposition.
Proposition 4.8. Suppose A is semisimple, p 6= 2, 3 and k ≥ 0. Let B be a subspace
of A. Then B is a Jordan-Lie inner ideal of A(k) if and only if B = eAf where (e, f)
is a strict orthogonal idempotent pair in A.
Proof. By Proposition 2.3, A(k) = A(1) if k ≥ 1. The “only if” part now follows from
Lemmas 4.6 (k ≥ 1) and 4.7 (k = 0), and the “if” part follows from Lemma 2.9(iii). 
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5. L-Perfect inner ideals
1-perfect associative algebras and their associated Lie algebras.
Definition 5.1. The associative algebra A is said to be Lie solvable if the Lie algebra
A(−) is solvable.
The following is well known.
Lemma 5.2. Let p 6= 2. Then the following are equivalent.
(i) A is Lie solvable.
(ii) There is a descending chain of ideals A = A0 ⊃ A1 ⊃ · · · ⊃ Ar = {0} of A such
that dimAi/Ai+1 = 1 for 0 ≤ i ≤ r − 1.
(iii) There is a descending chain of subalgebras A = A0 ⊃ A1 ⊃ · · · ⊃ Ar = {0} of A
such that Ai+1 is an ideal of Ai and dimAi/Ai+1 = 1 for 0 ≤ i ≤ r − 1.
Proof. The implications (ii) ⇒ (iii) and (iii) ⇒ (i) are obvious (as A(i) ⊆ Ai for all
i). To prove (i) ⇒ (ii), suppose that A is Lie solvable. Let R be the radical of A
and let S = A/R. Then S is a Lie solvable semisimple algebra, so by Lemma 2.2 and
Proposition 2.3, S ∼= Fm direct sum of m copies of F for some m. If S = 0, then
A = R is nilpotent, so such a chain exists. Suppose that S 6= 0. Since all simple
components of S are 1-dimensional, all composition factors of the S-bimodule R/R2
are one-dimensional, so there is a chain of ideals in A/R2 with 1-dimensional quotients.
The lemma now follows by induction on the degree of nilpotency of R. 
Definition 5.3. An associative algebra is said to be 1-perfect if it has no ideals of
codimension 1.
We note the following obvious properties of 1-perfect ideals.
Lemma 5.4. (i) The sum of 1-perfect ideals is 1-perfect.
(ii) If P is a 1-perfect ideal of A and Q is a 1-perfect ideal of A/P then the full
preimage of Q in A is a 1-perfect ideal of A.
Lemma 5.4(i) implies that every algebra has the largest 1-perfect ideal.
Definition 5.5. The largest 1-perfect ideal P1(A) of A is called the 1-perfect radical
of A.
The following proposition shows that P1(A) has radical-like properties indeed.
Proposition 5.6. (i) P1(A)
2 = P1(A);
(ii) P1(P1(A)) = P1(A);
(iii) P1(A/P1(A)) = 0;
(iv) If p 6= 2 then P1(A) is the smallest ideal of A such that A/P1(A) is Lie solvable.
Proof. (i) and (ii) are obvious; (iii) follows from Lemma 5.4(ii).
(iv) LetN be an ideal of A such that A/N is Lie solvable. Then it follows from Lemma
5.2 that N ⊇ P1(A). It remains to prove that A/P1(A) is Lie solvable. By Lemma 5.2,
it is enough to construct a chain of subalgebras P1(A) = Ar ⊂ Ar−1 ⊂ . . . ⊂ A0 = A of
A such that Ai+1 is an ideal of Ai of codimension 1 for 0 ≤ i ≤ r− 1. Put A0 = A and
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suppose Ak ⊂ . . . ⊂ A0 = A has been constructed. If Ak is not 1-perfect then we denote
by Ak+1 any ideal of Ak of codimension 1. If Ak is 1-perfect then by part (i), A
s
k = Ak
for all s so Ak is actually an ideal of A: AAk = AAkAk . . . Ak ⊆ A0A1A2 . . . Ak ⊆ Ak
(and similarly AkA ⊆ Ak). This implies that Ak = P1(A), as required. 
Importance of 1-perfect algebras is shown by the following result from [1].
Theorem 5.7. [1] If A is 1-perfect and p 6= 2, then [A,A] is a perfect Lie algebra.
Combining this result with Proposition 5.6(iv) we get the following.
Lemma 5.8. Let p 6= 2. Then A(∞) = P1(A)
(1).
Proof. Since A/P1(A) is Lie solvable, there is n ≥ 0 such that (A/P1(A))
(n) = 0, so
A(n+1) ⊆ P1(A)
(1). As P1(A) is 1-perfect, by Theorem 5.7, P1(A)
(1) is perfect, so
A(∞) = A(n+1) = P1(A)
(1). 
L-perfect inner ideals.
Definition 5.9. Let L be a Lie algebra and let B be an inner ideal of L. We say that
B is L-perfect if B = [B, [B,L]].
It is known that every inner ideal of a semisimple Lie algebra L is L-perfect if
p 6= 2, 3, 5, 7, see for example [14, Proposition 2.3] (or [4, Lemmas 2.19 and 2.20]
for characteristic zero). As the following lemma shows we need less restrictions on p if
L = [A,A] and B is Jordan-Lie.
Lemma 5.10. Suppose A is semisimple, k ≥ 0 and p 6= 2, 3. Then every Jordan-Lie
inner ideal of L = A(k) is L-perfect.
Proof. Suppose first that k ≥ 1. Then A(k) = A(1) by Proposition 2.3. Therefore, this
follows from Lemma 4.5 and Lemma 4.4.
Suppose now that k = 0. Let B be a Jordan-Lie inner ideal of A(−). Then by Lemma
4.7, B be is Jordan-Lie inner ideal of A(1), so B is A(1)-perfect by above. This obviously
implies that B is A(−)-perfect. 
Lemma 5.11. Let L be a Lie algebra and let B be an inner ideal of L. If B is L-perfect,
then B is an inner ideal of L(k) for all k ≥ 0.
Proof. Suppose B ⊆ L(k) for some k ≥ 0. Then
B = [B, [B,L]] ⊆ [L(k), [L(k), L]] ⊆ [L(k), L(k)] = L(k+1),
so the result follows by induction on k. 
Lemma 5.12. Let B be an L-perfect Jordan-Lie inner ideal of L = A(k) (k ≥ 0). If
p 6= 2 then B ⊆ P1(A) and B is a Jordan-Lie inner ideal of P1(A)
(1).
Proof. Since B is L-perfect, by Lemma 5.11, B ⊆ L(∞) = A(∞), so B is a Jordan-Lie
inner ideal of A(∞). It remains to note that A(∞) = P1(A)
(1) by Lemma 5.8. 
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The core of inner ideals. Let B be an inner ideal of L. Then [B, [B,L]] ⊆ B. It is
well known that [B, [B,L]] is an inner ideal of L (see for example [8, Lemma 1.1]). Put
B0 = B and consider the following inner ideals of L:
(5.1) Bn = [Bn−1, [Bn−1, L]] ⊆ Bn−1 for n ≥ 1.
Then B = B0 ⊇ B1 ⊇ B2 ⊇ . . .. As L is finite dimensional, this series terminates. This
motivates the following definition.
Definition 5.13. Let L be a finite dimensional Lie algebra and let B be an inner ideal
of L. Then there is an integer n such that Bn = Bn+1. We say that Bn is the core of
B, denoted by coreL(B).
Lemma 5.14. Let L be a finite dimensional Lie algebra and let B be an inner ideal of
L. Then
(i) coreL(B) is L-perfect;
(ii) B is L-perfect if and only if B = coreL(B);
(iii) coreL(B) is an inner ideal of L
(k) for all k ≥ 0.
Proof. (i) and (ii) follow from Definitions 5.9 and 5.13.
(iii) follows from (i) and Lemma 5.11. 
Remark 5.15. Let k ≥ 0. If S is a Levi subalgebra of A, then A = S ⊕ R, so A(k) =
S(k) ⊕N , where N = R ∩A(k). Moreover, A¯(k) = A(k)/N = A(k)/R ∩ A(k) is the image
of A(k) in A¯ = A/R.
Lemma 5.16. Let B be a Jordan-Lie inner ideal of L = A(k) (k ≥ 0). If p 6= 2, 3, then
(i) B¯ = coreL(B).
(ii) If coreL(B) = 0, then B ⊂ N .
Proof. (i) Since A¯ is semisimple and B¯ is a Jordan-Lie inner ideal of L¯ = A¯(k), by
Lemma 5.10, B¯ is L¯-perfect. Hence, by Lemma 5.14, B¯ = coreL¯(B¯) = coreL(B).
(ii) This follows from (i). 
6. Bar-minimal and regular inner ideals
Recall that L = A(k) for some k ≥ 0, N = R ∩ L, and B¯ is the image of a subspace
B of L in L¯ = L+R/R ∼= L/N .
Bar-minimal inner ideals.
Definition 6.1. Let L = A(k) and let X be an inner ideal of L¯. Suppose that B is
an inner ideal of L. We say that B is X-minimal (or simply, bar-minimal) if for every
inner ideal B′ of L with B¯′ = X and B′ ⊆ B one has B′ = B.
Lemma 6.2. Let k ≥ 0 and let B be a Jordan-Lie inner ideal of L = A(k). Suppose
that B is bar-minimal and p 6= 2, 3. Then the following hold.
(i) B = coreLB.
(ii) B is L-perfect.
(iii) B is a Jordan-Lie inner ideal of L(m) = A(k+m) for all m ≥ 0.
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Proof. (i) By definition of the core, coreL(B) is an inner ideal of L contained in B. By
Lemma 5.16(i), coreL(B) = B¯. Since B is bar-minimal, we have B = coreLB.
(ii) This follows directly from (i) and Lemma 5.14(i).
(iii) This follows from (ii) and Lemma 5.11. 
Recall that a Lie algebra L is said to be perfect if L = [L, L]. We will need the
following result.
Lemma 6.3. Let L be a perfect Lie algebra and let B be an L-perfect inner ideal of
L. Suppose that L =
⊕
i∈I Li, where each Li is an ideal of L. Then B =
⊕
i∈I Bi,
where Bi = B ∩ Li. Moreover, if L = A
(k) (k ≥ 0) and B is bar-minimal then Bi is a
B¯i-minimal inner ideal of Li, for all i ∈ I.
Proof. Note that [B, [B,Li]] ⊆ B ∩ Li = Bi, for all i ∈ I. Therefore,
B = [B, [B,L]] =
∑
i∈I
[B, [B,Li]] ⊆
∑
i∈I
Bi ⊆ B,
so B =
∑
i∈I Bi. As Bi ∩ Bj ⊆ Li ∩ Lj = 0 for all i 6= j, B =
⊕
i∈I Bi. Clearly, if B is
bar-minimal, then each Bi is B¯i-minimal. 
Split inner ideals. Let L be a Lie algebra and let Q be a subalgebra of L. Recall
that Q is said to be a quasi Levi subalgebra of L if Q is quasi semisimple and there is
a solvable ideal P of L such that L = Q⊕ P .
Definition 6.4. Let L be a finite dimensional Lie algebra and let B be a subspace
of L. Suppose that there is a quasi Levi decomposition L = Q ⊕ N of L such that
B = BQ ⊕ BN , where BQ = B ∩ Q and BN = B ∩N . Then we say that B splits in L
and Q is a B-splitting quasi Levi subalgebra of L.
Definition 6.5. Let B be a subspace of A. Suppose that there is a Levi subalgebra S
of A such that B = BS ⊕ BR, where BS = B ∩ S and BR = B ∩ R. Then we say that
B splits in A and S is a B-splitting Levi subalgebra of A.
Lemma 6.6. Let L = A(k) (k ≥ 1) and let B be a subspace of L. Suppose p 6= 2. If B
splits in A, then B splits in L.
Proof. Suppose that B splits in A. Then there is a B-splitting Levi subalgebra S of A
such that B = BS⊕BR, where BS = B∩S and BR = B∩R. Clearly, Q = [S, S] = S
(k)
is a quasi semisimple subalgebra of L, N = L∩R is a solvable ideal of L, and L = Q⊕N
is a quasi Levi decomposition of L. It is easy to see that BS ⊆ Q and BR ⊆ N , so B
splits in L. 
Lemma 6.7. Let B be an inner ideal of L = A(k) (k ≥ 0). Suppose B = eAf for some
orthogonal idempotents e and f of A. Then (i) B splits in A and (ii) if k ≥ 1 then B
splits in L.
Proof. (i) Since e and f are orthogonal, By Wedderburn-Malcev theorem there is a Levi
subalgebra S of A such that e, f ∈ S. Thus, B = eAf = e(S ⊕ R)f = eSf ⊕ eRf as
required.
(ii) This follows directly from (i) and Lemma 6.6. 
14 A. A. BARANOV AND H. SHLAKA
Proposition 6.8. Let C ⊆ B be subspaces of A such that C¯ = B¯. If C splits in A,
then B splits in A.
Proof. Suppose C splits in A. Then there exists a Levi subalgebra S of A such that
C = CS ⊕CR, where CS = C ∩ S and CR = C ∩R. Put BS = B ∩ S and BR = B ∩R.
Then CS ⊆ BS, CR ⊆ BR and BS +BR ⊆ B. Since B¯ = C¯, we have
BS ∼= B¯S ⊆ B¯ = C¯ ∼= C/CR ∼= CS ⊆ BS,
so BS ∼= B¯ ∼= B/BR. Since BS ∩ BR = 0, we have B = BS ⊕BR as required. 
Corollary 6.9. Let L = A(k) (k ≥ 0) and let B be an inner ideal of L. Suppose that
p 6= 2, 3. If coreL(B) splits in A, then B splits in A.
Proof. By Lemma 5.14, coreL(B) = B¯. Since coreL(B) ⊆ B and coreL(B) splits, by
Proposition 6.8, B splits. 
Definition 6.10. Let G be a subalgebra of A. We say that G is large in A if G¯ = A¯
(equivalently, there is a Levi subalgebra S of A such that S ⊆ G; or equivalently,
G/ radG is isomorphic to A/R).
Remark 6.11. Let G be a large subalgebra of A and let B be a subspace of P1(G).
Then rad(G) = G ∩ R and rad(P1(G)) = P1(G) ∩ rad(G) = P1(G) ∩ R, so the image
B¯ of B in A/R is isomorphic to the images of B in G/ rad(G) and P1(G)/ rad(P1(G)),
respectively. Thus, we can use the same notation B¯ for the images of B in all these
quotient spaces.
Proposition 6.12. Let B be a subspace of A. Let G be a large subalgebra of A and let
C be a subspace of P1(G). Suppose that C ⊆ B, C¯ = B¯, and C splits in P1(G). Then
B splits in A.
Proof. Put R1 = radP1(G). By Remark 6.11, R1 ⊆ rad(G) ⊆ R. Let S1 be a C-
splitting Levi subalgebra of P1(G), so C = CS1 ⊕ CR1 , where CS1 = C ∩ S1 and
CR1 = C ∩ R1. Note that S1 is a semisimple subalgebra of A, so by Wedderburn-
Malcev Theorem there is a Levi subalgebra S of A such that S1 ⊆ S. Since S1 ⊆ S and
R1 ⊆ R, C splits in A, so the result follows from Proposition 6.8. 
Since A is large in A, we get the following corollary.
Corollary 6.13. Let B be a subspace of A and let C be a subspace of P1(A). Suppose
that C ⊆ B, C¯ = B¯, and C splits in P1(A). Then B splits in A.
Proposition 6.14. Let B be a Jordan-Lie inner ideal of L = A(k) (k ≥ 0). Let G
be a large subalgebra of A and let B′ = B ∩ G. Suppose p 6= 2, 3 and B¯′ = B¯. Put
C = coreG(−)(B
′). Then C is a Jordan-Lie inner ideal of P1(G)
(1) such that C ⊆ B
and C¯ = B¯.
Proof. Note that B′ = B∩G is a Jordan-Lie inner ideal of G(−). By Lemmas 5.14(i) and
5.16(i), C = coreG(−)(B
′) is a G(−)-perfect Jordan-Lie inner ideal of G with C ⊆ B′ ⊆ B
and C¯ = B¯′ = B¯. It remains to note that by Lemma 5.12, C is Jordan-Lie inner ideal
of P1(G)
(1). 
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Regular inner ideals. In this section we describe bar-minimal regular inner ideals of
A(−) and A(1). We start with the following result which is a slight generalization of [4,
Lemma 4.1].
Lemma 6.15. Let L = A(k) for some k ≥ 0 and let B be a subspace of L such that
B2 = 0. Then the following hold.
(i) If p 6= 2 then B is an inner ideal of L if and only if bLb ⊆ B for all b ∈ B.
(ii) BAB ⊆ L ∩ A(1).
(iii) If BAB ⊆ B, then B is an inner ideal of L.
Proof. (i) This follows from Lemma 2.7 as
{b, x, b′} = bxb′ + b′xb = (b+ b′)x(b+ b′)− bxb − b′xb′.
(ii) bxb′ = [b, xb′] ∈ [A(k), A] ⊆ A(k) ∩ A(1) = L ∩ A(1) for all b, b′ ∈ B and x ∈ L.
(iii) This is obvious as [B, [B,L]] ⊆ BAB. 
Definition 6.16. Let B be a subspace of L = A(k) (k ≥ 0). Then B is said to be a
regular inner ideal of L (with respect to A) if B2 = 0 and BAB ⊆ B.
Regular inner ideals were first defined in [4] (in characteristic zero) and were recently
used in [2] to classify maximal zero product subsets of simple rings. Note that every
regular inner ideal is Jordan-Lie (see Lemma 6.15). However, the converse is not true
as the following example shows.
Example 6.17. Let n4(F) ⊂ M4(F) be the set of all strictly upper triangular 4 × 4
matrices. Let A be the direct sum of two nilpotent ideals T4 and T
′
4 with both of them
isomorphic to n4(F). Clearly, A
4 = 0. Let {eij | 1 ≤ i < j ≤ 4} and {e
′
ij | 1 ≤ i <
j ≤ 4} be the standard bases of T4 and T
′
4, respectively, consisting of matrix units.
Consider the following elements of A:
b1 = e12 + e
′
34, b2 = e34 + e
′
12, a = e23 + e
′
23, b = e14 + e
′
14.
Let A1 = A
2 + span{b1, b2, a}. Then A1 is a subalgebra of A as A
2
1 ⊆ A
2 ⊂ A1.
Consider the subspace B = span{b1, b2, b} of A1. It is easy to check that B
2 = 0 and
B is a Jordan-Lie inner ideal of A1. Moreover, B is not regular as b1ab2 = e14 /∈ B.
Note that B is also a non-regular Jordan-Lie inner ideal of the unital algebra Aˆ1 =
A1 + F1Aˆ, by Lemma 2.8.
Lemma 6.18. Let A be any ring and let e and f be idempotents in A with fe = 0.
Then the following hold.
(i) If eAf ⊆ A(k) (k ≥ 0), then eAf is a regular inner ideal of A(k).
(ii) eAf is a regular inner ideal of A(−) and A(1).
Proof. (i) By Lemma 2.9(ii), eAf is a Jordan-Lie inner ideal of A(k) (k ≥ 0). It remains
to note that (eAf)A(eAf) ⊆ eAf .
(ii) This follows from (i) and Lemma 2.9(iii). 
The following result is proved in [4, Proposition 4.12] in the case p = 0.
Proposition 6.19. Suppose A is semisimple, p 6= 2, 3 and k ≥ 0. Then every Jordan-
Lie inner ideal of A(k) is regular.
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Proof. This follows from Proposition 4.8 and Lemma 6.18(ii). 
We will need the following two results which were first proved in [4] in the case when
p = 0. One can easily check that their proofs in [4] apply to any p.
Proposition 6.20. [4, Proposition 4.8] Let A be a ring. Then
(i) RL = R ∩ L for all left and right ideals L and R, respectively, in A if and only
if A is Von Neumann regular.
(ii) RL = R ∩ L for all left and right ideals L and R, respectively, in A such that
LR = 0 if and only if every x in A with x2 = 0 is Von Neumann regular.
Proposition 6.21. [4, Proposition 4.9] Let B be a subspace of L = A(k) (k ≥ 0). Then
B is a regular inner ideal of L if and only if there exist left and right ideals L and R
of A, respectively, such that LR = 0 and
RL ⊆ B ⊆ R∩ L.
In particular, if A is Von Neumann regular then every regular inner ideal of L is of the
form B = RL = R∩ L.
Let L be a left ideal of A and let X be a left ideal of A¯. Then L is said to be
X-minimal if L¯ = X and for every left ideal L′ of A with L′ ⊆ L and L¯′ = X one has
L = L′. We will need the following theorem from [3].
Theorem 6.22. [3] Let A be a left Artinian associative ring and let L be a left ideal of
A. If L is L¯-minimal, then L = Ae for some idempotent e ∈ L.
Theorem 6.23. Let B be a bar-minimal Jordan-Lie inner ideal of L = A(k) (k ≥ 0).
Then the following holds.
(i) If B is regular then B = eAf for some orthogonal idempotent pair (e, f) in A.
(ii) Suppose k = 0, 1. Then B is regular if and only if B = eAf for some orthogonal
idempotent pair (e, f) in A.
Proof. (i) Suppose that B is regular. Then by Proposition 6.21, there are left L and
right R ideals of A such that LR = 0 and RL ⊆ B ⊆ R ∩ L. Hence, RL = R¯L¯ ⊆
B¯ ⊆ L¯∩R¯. Since A¯ is Von Neumann regular (because it is semisimple), by Proposition
6.20, R¯L¯ = B¯. Let L′ ⊆ L (resp. R′ ⊆ R) be an L¯-minimal left (resp. R¯-minimal
right) ideal of A. Then by Theorem 6.22, L′ = Af and R′ = eA for some idempotents
e ∈ R′ and f ∈ L′. Note that fe ∈ L′R′ ⊆ LR = 0. Put B′ = R′L′ ⊆ B. Then
B′ = eAAf = eAf (as eAf = eeAf ⊆ eAAf ⊆ eAf). Since B′2 = 0, by Proposition
6.21, B′ is a regular inner ideal of L. As B′ = R′ L′ = R¯L¯ = B¯ and B is bar-minimal,
B = B′. Thus, B = eAf for some idempotents e and f in A with fe = 0. Therefore,
by Lemma 2.9(iv), B = eAf = eAg for some orthogonal idempotent g in A with
ge = eg = 0.
(ii) This follows from (i) and Lemma 6.18. 
7. Proof of the main results
The aim of this section is to prove that bar-minimal Jordan-Lie inner ideals are
generated by idempotents (Theorem 1.1) and are regular (Corollary 1.2). As a corollary,
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we show that all Jordan-Lie inner ideals split (Corollary 1.3). Recall that S is a Levi
subalgebra of A, L = A(k) = S(k) ⊕N , for some k ≥ 0, N = R ∩L, and B¯ is the image
of B in L¯ = L+R/R ∼= L/N .
First we consider the case when A is 1-perfect. Then L = [A,A] is a perfect Lie
algebra for p 6= 2 (see Proposition 5.7). The following theorem will be proved in steps.
Theorem 7.1. Let L = [A,A] and let B be a Jordan-Lie inner ideal of L. Suppose
that p 6= 2, 3, A is 1-perfect and B is bar-minimal. Then the following hold.
(i) B splits in A.
(ii) B = eAf for some strict orthogonal idempotent pair (e, f) in A.
(iii) B is regular.
First we will consider the case when R2 = 0.
Theorem 7.2. Let L = [A,A] and let B be a Jordan-Lie inner ideal of L. Suppose
that p 6= 2, 3, A is 1-perfect, B is bar-minimal and R2 = 0. Then B splits in A.
Theorem 7.2 first appeared in Rowley’s thesis [18] in the case when p = 0 and we
use some of his ideas below. Unfortunately, his proof is incomplete and contains some
inaccuracies. In particular, the proof of [18, Proposition 6.12] is incorrect. We will need
the following lemma.
Lemma 7.3. Let L = [A,A] and Q = [S, S]. Suppose that p 6= 2, A/R is simple,
RA = 0 and R is an irreducible left A-module. Then the following hold.
(i) N = R.
(ii) Every Jordan-Lie inner ideal of Q is a Jordan-Lie inner ideal of L.
(iii) Let G be a large subalgebra of A and let B be a Jordan-Lie inner ideal of [G,G].
Then B is a Jordan-Lie inner ideal of L.
Proof. (i) Let r ∈ R. Since R is irreducible as S-module, r = sr for some s ∈ S. As
RA = 0, r = sr = [s, r] ∈ [S,R] = N by Proposition 2.5, so R = N .
(ii) This follows from (iii) as Q = [S, S] and S is a large subalgebra of A.
(iii) Since G is a large subalgebra of A, it contains a Levi subalgebra of A. Without
loss of generality we can assume S ⊆ G. Let x ∈ L. Since L = [A,A] ⊆ Q⊕R, x = q+r
for some q ∈ Q and r ∈ R. As RA = 0, for all b, b′ ∈ B we have
{b, x, b′} = bxb′ + b′xb = b(q + r)b′ + b′(q + r)b = bqb′ + b′qb = {b, q, b′} ∈ B,
i.e. B is an inner ideal of L, as required. 
Recall that A is a 1-perfect finite dimensional associative algebra, R is the radical of
A with R2 = 0 and S is a Levi subalgebra of A, so by Proposition 2.5, L = [A,A] is
a perfect Lie algebra, Q = [S, S] is a quasi Levi subalgebra of L and L = Q ⊕ N is a
quasi Levi decomposition of L, where N = [S,R].
Proposition 7.4. Theorem 7.2 holds if A/R is simple, RA = 0 and R is an irreducible
left A-module. Moreover, B ⊆ S ′ for some Levi subalgebra S ′ of A.
Proof. By Lemma 7.3, R coincides with the nil-radical N of L. We identify A¯ with S.
Recall that B is bar-minimal. We are going to prove that there is a Levi subalgebra
S ′ of A such that B ⊆ S ′, so B splits in A. Since S ∼= A/R is simple, by Lemma 4.3,
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there is a matrix realization Mn(F) of S and integers 1 ≤ k < l ≤ n such that B¯ is the
space spanned by E = {est | 1 ≤ s ≤ k < l ≤ t ≤ n} where {eij | 1 ≤ i, j ≤ n} is the
standard basis of S consisting of matrix units. Since R is an irreducible left S-module,
it can be identified with the natural n-dimensional left S-module V . Let {e1, e2, . . . , en}
be the standard basis of V . Fix b
(1)
st ∈ B such that b
(1)
st = est for all s and t. Then
b
(1)
st = est + rst, where rst ∈ R. Put
Λ1 = {b
(1)
st = est + rst : 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ B.
Since ets ∈ L, by Lemma 2.7, b
(2)
st = b
(1)
st etsb
(1)
st ∈ B. Let rst =
∑n
i=1 α
st
i ei, where α
st
i ∈ F.
Then
b
(2)
st = b
(1)
st etsb
(1)
st = (est +
n∑
i=1
αsti ei)ets(est +
n∑
i=1
αsti ei) = ess(est +
n∑
i=1
αsti ei) = est +α
st
s es.
Hence, the set
Λ2 = {b
(2)
st = est + α
st
s es : 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ B.
Put b
(3)
1t = b
(2)
1t = e1t + α
1t
1 e1 and for s > 1 set b
(3)
st = {b
(2)
st , et1, b
(2)
1t }. Then by Lemma
2.7, b
(3)
st ∈ B. Since RA = 0, for s > 1 we have
b
(3)
st = {b
(2)
st , et1, b
(2)
1t } = b
(2)
st et1b
(2)
1t + b
(2)
1t et1b
(2)
st
= (est + α
st
s es)et1b
(2)
1t + (e1t + α
1t
1 et)et1b
(2)
st
= es1(e1t + α
1t
1 e1) + e11(est + α
st
s es)
= est + α
1t
1 es.
Denote βt = α
1t
1 for all t. Then b
(3)
st = est + βtes ∈ B for all s and t. Thus
Λ3 = {b
(3)
st = est + βtes : 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ B.
Let q =
∑n
j=l βjej ∈ R. Then q
2 ∈ R2 = 0. Define the inner automorphism ϕ : A→ A
by ϕ(a) = (1 + q)a(1 − q) for all a ∈ A. Since RA = 0, by applying ϕ to all b
(3)
st ∈ Λ3
we obtain
ϕ(b
(3)
st ) = (1 +
n∑
j=l
βjej)(est + βtes)(1− q)
= (est + βtes)(1−
n∑
j=l
βjej) = est + βtes − βtes = est ∈ ϕ(B)
Therefore,
E = {est | 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ ϕ(B) ∩ S.
Note that ϕ(r) = r for all r ∈ R. Hence, ϕ(B) = ϕ(B)S ⊕ ϕ(B)R, where ϕ(B)S =
ϕ(B)∩S and ϕ(B)R = ϕ(B)∩R. By changing the Levi subalgebra S ofA to S
′ = ϕ−1(S)
we obtain B = BS′ ⊕BR, where BS′ = B ∩ S
′ and BR = B ∩R. Therefore, B splits in
A.
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It remains to show that B ⊆ S ′. Note that BS′ = B ∩ S
′ is a Jordan-Lie inner ideal
of S ′ and [S ′, S ′] (Lemma 4.7). Hence, by Lemma 7.3, BS′ is a Jordan-Lie inner ideal
of L. Since B¯S′ = B¯ and B is bar-minimal, we have B = BS′ ⊆ S
′, as required. 
Proposition 7.5. Theorem 7.2 holds if A/R is simple and RA = 0.
Proof. Since A is 1-perfect, SR = R, so R as a left S-module is a direct sum of copies
of the natural left S-module V . The proof is by induction on the length ℓ(R) of the left
S-module R, the case ℓ(R) = 1 being clear by Proposition 7.4. Suppose that ℓ(R) > 1.
Consider any maximal submodule T of R. Then ℓ(T ) = ℓ(R)−1 and T is an ideal of A.
Let ˜ : A→ A/T be the natural epimorphism of A onto A˜ = A/T . Denote by R˜ and
B˜ the images of R and B, respectively, in A˜. Since ℓ(R˜) = 1, by Proposition 7.4, B˜ is
contained in a Levi subalgebra of A˜. Therefore, B ⊆ S1 ⊕ T for some Levi subalgebra
S1 of A. Put G = S1 ⊕ T . Then G is clearly 1-perfect (i.e. G = P1(G)), rad(G) = T ,
G = S1 ⊕ T is a Levi decomposition of G, and B is a Jordan-Lie inner ideal of G
(−).
Note that G is a large subalgebra of A (see Definition 6.10). Put C = coreG(−)(B).
Then by Proposition 6.14, C is a Jordan-Lie inner ideal of P1(G)
(1) = G(1) such that
C ⊆ B and C¯ = B¯. Let C ′ be any C¯-minimal inner ideal of G(1) contained in C. Since
G is 1-perfect and ℓ(T ) < ℓ(R), by the inductive hypothesis, C ′ splits in G. Since
C ′ ⊆ C ⊆ B and C¯ ′ = C¯ = B¯, by Proposition 6.12, B splits in A. 
Proposition 7.6. Theorem 7.2 holds if A/R is simple and AR = 0.
Proof. The proof is similar to that of Proposition 7.5. 
Proposition 7.7. Theorem 7.2 holds if A/R is simple and R is isomorphic to the
natural A/R-bimodule A/R with respect to the right and left multiplication.
Proof. Recall that B is a Jordan-Lie inner ideal of L = [A,A] such that B is bar-
minimal. As in the proof of Proposition 7.4, we fix standard bases {eij | 1 ≤ i, j ≤ n}
and {fij | 1 ≤ i, j ≤ n} of S and R, respectively, consisting of matrix units, such that
the action of S on R corresponds to matrix multiplication and B¯ is the space spanned by
E = {est | 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ S. We identify A¯ with S. We are going to prove
that there is a Levi subalgebra S ′ of A such that B = BS′ ⊕ BR, where BS′ = B ∩ S
′
and BR = B ∩R . Put
R0 = span{fst | 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ N.
Claim 1: R0 ⊆ B. Fix any bst ∈ B such that b¯st = est. Then bst = est + rst, with
rst ∈ N . By Lemma 2.7, bstftsbst ∈ B. Since R
2 = 0, we have
bstftsbst = (est + rst)fts(est + rst) = fss(est + rst) = fst.
Therefore, fst ∈ B for all s and t as required.
Claim 2: For every bst = est +
∑n
i,j=1 α
st
ijfij ∈ B we have
θ(bst) = est +
∑
i>k
αstitfit +
∑
j<l
αstsjfsj ∈ B.
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Since bst ∈ B, by Lemma 2.7, bstetsbst ∈ B. We have
bstetsbst = (est +
n∑
i,j
αstijfij)etsbst = (ess +
n∑
i
αstitfis)(est +
n∑
i,j
αstijfij)
= est +
n∑
i
αstitfit +
n∑
j
αstsjfsj = θ(bst) +
k∑
i=1
αstitfit +
n∑
j=l
αstsjfsj .
Since
∑k
i=1 α
st
itfit +
∑n
j=l α
st
sjfsj ∈ R0 ⊆ B and bstetsbst ∈ B, we have θ(bst) ∈ B as
required.
By claim 2, there are some αstij ∈ F such that
bst = est +
∑
i>k
αstitfit +
∑
j<l
αstsjfsj ∈ B,
for all 1 ≤ s ≤ k < l ≤ t ≤ n.
(1) Define the inner automorphism ϕ1 : A → A by ϕ1(a) = (1 + q1)a(1 − q1) for all
a ∈ A, where
q1 =
∑
j<l
α1n1j fnj −
∑
i>k
α1nin fi1 ∈ R.
Put B1 = ϕ1(B). Set b
(1)
st = ϕ1(bst) for all s and t. Then
b
(1)
1n = (1 + q1)b1n(1− q1)
= (1 +
∑
j<l
α1n1j fnj −
∑
i>k
α1nin fi1)(e1n +
∑
i>k
α1nin fin +
∑
j<l
α1n1j f1j)(1− q1)
= (e1n +
∑
i>k
α1nin fin +
∑
j<l
α1n1j f1j + α
1n
11fnn −
∑
i>k
α1nin fin)(1− q1)
= (e1n +
∑
j<l
α1n1j f1j + α
1n
11fnn)(1−
∑
j<l
α1n1j fnj +
∑
i>k
α1nin fi1)
= e1n +
∑
j<l
α1n1j f1j + α
1n
11fnn −
∑
j<l
α1n1j f1j + α
1n
nnf11
= e1n + α
1n
11fnn + α
1n
nnf11.
Since (B1)
2 = 0, we have
0 = (b
(1)
1n )
2 = (e1n + α
1n
11fnn + α
1n
nnf11)(e1n + α
1n
11fnn + α
1n
nnf11)
= α1n11f1n + α
1n
nnf1n = (α
1n
11 + α
1n
nn)f1n.
Thus, α1n11 = −α
1n
nn. Put α = α
1n
11 . Then
(7.1) b
(1)
1n = e1n + αf11 − αfnn ∈ B1
(2) Consider the inner automorphism ϕ2 : A→ A defined by ϕ2(a) = (1+αfn1)a(1−
αfn1) for all a ∈ A. Put B2 = ϕ2(B1). Then by applying ϕ2 to (7.1), we obtain
b
(2)
1n = ϕ2(b
(1)
1n ) = (1 + αfn1)(e1n + αf11 − αfnn)(1− αfn1)
= (e1n + αf11 − αfnn + αfnn)(1− αfn1) = e1n + αf11 − αf11 = e1n ∈ B2.
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Put b
(2)
st = θ(ϕ2(b
(1)
st )) ∈ B2 for all s and t. Then b
(2)
st = est +
∑
i>k
βstit fit +
∑
j<l
βstsjfsj, where
βstij ∈ F.
Put b
(3)
1n = b
(2)
1n = e1n, b
(3)
st = b
(2)
st for t 6= n and b
(3)
sn = {b
(2)
sn , en1, e1n} for s 6= 1. Then
by Lemma 2.7, b
(3)
sn ∈ B2 for all s and t. Thus, for s 6= 1 we have
b(3)sn = {b
(2)
sn , en1, e1n} = b
(2)
sn en1e1n + e1nen1b
(2)
sn = b
(2)
sn enn + e11b
(2)
sn
= (esn +
∑
i>k
βsnin fin +
∑
j<l
βsnsj fsj)enn + e11(esn +
∑
i>k
βsnin fin +
∑
j<l
βsnsj fsj)
= esn +
∑
i>k
βsnin fin ∈ B2.(7.2)
Note that b
(3)
1n = e1n is also of the shape (7.2) with all β
1n
in = 0.
(3) Consider the inner automorphism ϕ3 : A→ A defined by ϕ3(a) = (1+q3)a(1−q3)
for a ∈ A, where
q3 = −
∑
i>k
k∑
j=2
βjnin fij.
Put B3 = ϕ3(B2) and b
(4)
st = ϕ3(b
(3)
st ) ∈ B3. By applying ϕ3 to b
(3)
sn in (7.2) (for all s),
we obtain
b(4)sn = ϕ3(b
(3)
sn ) = (1 + q3)b
(3)
sn (1− q3) = (1−
∑
i>k
k∑
j=2
βjnin fij)(esn +
∑
i>k
βsnin fin)(1− q3)
= (esn +
∑
i>k
βsnin fin −
∑
i>k
βsnin fin)(1 +
∑
i>k
k∑
j=2
βjnin fij) = esn +
k∑
j=2
βjnnnfsj ∈ B3(7.3)
Since (B3)
2 = 0, for all 1 ≤ s, p ≤ k we have
0 = b(4)sn b
(4)
rn = (esn +
k∑
j=2
βjnnnfsj)(ern +
n∑
j=2
βjnnnfrj) = β
rn
nnfsn.
Thus, βrnnn = 0 for all 1 ≤ r ≤ k. Substituting in (7.3) we obtain
b(4)sn = esn ∈ B3 for all 1 ≤ s ≤ k.
Put b
(5)
sn = b
(4)
sn = esn and b
(5)
st = θ(b
(4)
st ) ∈ B3 for t 6= n. Then for t 6= n we have
b
(5)
st = est +
∑
i>k
γstit fit +
∑
j<l
γstsjfsj for some γ
st
ij ∈ F.
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Put b
(6)
sn = b
(5)
sn = esn and b
(6)
st = {esn, ens, b
(5)
st } for all t 6= n. Then by Lemma 2.7,
b
(6)
st ∈ B3. Thus, for t 6= n we have
b
(6)
st = {esn, ens, b
(5)
st } = esnensb
(5)
st + b
(5)
st ensesn = essb
(5)
st + b
(5)
st enn
= ess(est +
∑
i>k
γstit fit +
∑
j<l
γstsjfsj) + (est +
∑
i>k
γstit fit +
∑
j<l
γstsjfsj)enn
= est +
∑
j<l
γstsjfsj.
Put b
(7)
sn = b
(6)
sn = esn and b
(7)
st = {esn, en1, b
(6)
1t } for t 6= n. Then by Lemma 2.7,
b
(7)
st ∈ B3. Hence, for t 6= n we have
b
(7)
st = esnen1b
(6)
1t + b
(6)
1t en1esn = es1b
(6)
1t + b
(6)
1t en1esn
= es1(e1t +
∑
j<l
γ1t1jf1j) + (e1t +
∑
j<l
γ1t1jf1j)en1esn
= est +
∑
j<l
γ1t1jfsj.(7.4)
Note that b
(7)
sn = esn is also of the shape (7.4) with all γ
1n
1i = 0.
(4) We define the final inner automorphism ϕ4 : A→ A by ϕ4(a) = (1+ q4)a(1− q4)
for a ∈ A, where
q4 =
n−1∑
i=l
∑
j<l
γ1i1jfij.
Put B4 = ϕ4(B3). Then by applying ϕ4 to b
(7)
st in (7.4), we obtain (for all s and t)
b
(8)
st = (ϕ4(b
(7)
st )) = (1 + q4)b
(7)
st (1− q4)
= (1 +
n−1∑
i=l
∑
j<l
γ1i1jfij)(est +
∑
j<l
γ1t1jfsj)(1− q4)
= (est +
∑
j<l
γ1t1jfsj +
n−1∑
i=l
γ1i1sfit)(1−
n−1∑
i=l
∑
j<l
γ1i1jfij)
= est +
∑
j<l
γ1t1jfsj +
n−1∑
i=l
γ1i1sfit −
∑
j<l
γ1t1jfsj
= est +
n−1∑
i=l
γ1i1sfit ∈ B4.(7.5)
Since (B4)
2 = 0, we have (for all 1 ≤ s, r ≤ k < l ≤ t, q ≤ n)
0 = b
(8)
st b
(8)
rq = (est +
n−1∑
i=l
γ1i1sfit)(erq +
n−1∑
i=l
γ1i1rfiq) = γ
1t
1rfsq
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Thus, γ1t1r = 0 for all 1 ≤ r ≤ k < l ≤ t ≤ n. Substituting in (7.5) we obtain b
(8)
st = est
for 1 ≤ s ≤ k < l ≤ t ≤ n. Thus,
E = {est | 1 ≤ s ≤ k < l ≤ t ≤ n} ⊆ B4 ∩ S.
Denote by ϕ the automorphism ϕ4 ◦ ϕ3 ◦ ϕ2 ◦ ϕ1 of A and L. Then we have E ⊆
ϕ(B) ∩ S. Note that ϕi(R0) = R0 for all i = 1, 2, 3, 4 (because R
2 = 0). Hence,
ϕ(B) = ϕ(B)S⊕ϕ(B)R, where ϕ(B)S = ϕ(B)∩S and ϕ(B)R = ϕ(B)∩R = BR. Now,
by changing the Levi subalgebra S to S ′ = ϕ−1(S) we obtain B = BS ⊕ BR, where
BS′ = B ∩ S
′ and BR = B ∩R. 
Proposition 7.8. Theorem 7.2 holds if A/R ∼= S1 ⊕ S2, where S1 ∼= Mn1(F), S2
∼=
Mn2(F) and R
∼= Mn1n2(F) as an S1-S2-bimodule such that RS1 = S2R = 0.
Proof. Recall that B is a Jordan-Lie inner ideal of L = [A,A] such that B is bar-
minimal. We identify A¯ with S. By Lemma 4.5, B¯ = X1 ⊕ X2, where Xi = B¯ ∩ Si
are Jordan-Lie inner ideals of S
(1)
i . As in the proof of Proposition 7.5, we fix standard
bases {eij | 1 ≤ i, j ≤ n1}, {gij | 1 ≤ i, j ≤ n2} and {fij | 1 ≤ i ≤ n1, 1 ≤ j ≤ n2} of
S1, S2 and R, respectively, consisting of matrix units, such that the action of S1 and of
S2 on R corresponds to matrix multiplication and Xi = span{Ei}, where
E1 = {est | 1 ≤ s ≤ k1 < l1 ≤ t ≤ n1} ⊆ S1,
E2 = {grq | 1 ≤ r ≤ k2 < l2 ≤ q ≤ n2} ⊆ S2.
Put R0 = span{fsq | 1 ≤ s ≤ k1, l2 ≤ q ≤ n2} ⊆ N.
Claim 1: R0 ⊆ B. Fix any bst, crq ∈ B such that b¯st = est and c¯rq = grq. Then
bst = est + rst and crq = grq + r
′
rq, with rst, r
′
rq ∈ N . By Lemma 2.7, {bst, ftr, crq} ∈ B.
Since R2 = 0 and S2R = RS1 = 0, we have
{bst, ftr, crq} = bstftrcrq+crqftrbst = bstftrcrq = (est+rst)ftr(grq+r
′
rq) = fsr(grq+r
′
rq) = fsq.
Therefore, fsq ∈ B for all 1 ≤ s ≤ k1 and l2 ≤ q ≤ n2 as required.
Claim 2: For every bst = est +
∑n1
i=1
∑n2
j=1 α
st
ijfij ∈ B we have
θ(bst) = est +
∑
j<l2
αstsjfsj ∈ B
Since bst ∈ B, by Lemma 2.7, bstetsbst ∈ B. Since RS1 = 0 and R
2 = 0, we have
bstetsbst = (est +
n1∑
i=1
n2∑
j=1
αstijfij)etsbst = ess(est +
n1∑
i=1
n2∑
j=1
αstijfij)
= est +
n2∑
j=1
αstsjfsj = θ(bst) +
n2∑
j=l2
αstsjfsj.
Since
∑n2
j=l2
αstsjfsj ∈ R0 ⊆ B and bstetsbst ∈ B, we have θ(bst) ∈ B as required.
Put A2 = S2 ⊕ R and L2 = [A2, A2]. Denote B2 = B ∩ L2. By Lemma 2.10, B2 is
an inner ideal of L2. Moreover, B2 is a Jordan-Lie inner ideal as (B2)
2 = 0. Note that
B¯2 = X2 (because B2 contains the preimage of X2 in B). By Lemma 6.3, B2 is X2-
minimal. Thus, B2 satisfies the conditions of Proposition 7.6. Hence, B2 splits. Thus,
there is an inner automorphisms ϕ2 : A→ A such that E2 ⊆ ϕ2(B2) ⊆ ϕ2(B). We will
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deal with the inner ideal ϕ2(B) of L. Note that ϕ2(B) = B¯ = X and E2 ⊆ ϕ2(B). Our
aim is to modify ϕ2(B) in such a way that it contains both E1 and E2.
Put b
(1)
st = θ(ϕ2(bst)) ∈ ϕ2(B) for all 1 ≤ s ≤ k1 < l1 ≤ t ≤ n1. Then
b
(1)
st = est +
∑
j<l2
αstsjfsj
for all s and t. Put b
(2)
1t = b
(1)
1t = e1t+
∑
j<l2
α1t1jf1j and for s > 1 set b
(2)
st = {b
(1)
st , et1, b
(1)
1t }.
Then by Lemma 2.7, b
(2)
st ∈ ϕ2(B). Since RS1 = 0, for s > 1 we have
b
(2)
st = {b
(1)
st , et1, b
(1)
1t } = b
(1)
st et1b
(1)
1t + b
(1)
1t et1b
(1)
st
= (est +
∑
j<l2
αstsjfsj)et1b
(1)
1t + b
(1)
1t et1(est +
∑
j<l2
αstsjfsj)
= es1(e1t +
∑
j<l2
α1t1jf1j) + 0 = est +
∑
j<l2
α1t1jfsj.
Thus, for all s and t we have
(7.6) b
(2)
st = est +
∑
j<l2
α1t1jfsj .
Consider the inner automorphism ϕ : A→ A defined by ϕ(a) = (1 + q)a(1− q) for all
a ∈ A, where
q =
n1∑
i=l1
∑
j<l2
α1i1jfij.
Since RS1 = 0 and R
2 = 0, by applying ϕ to (7.6) we obtain
ϕ(b
(2)
st ) = (1 + q)b
(2)
st (1− q) = b
(2)
st (1− q) = (est +
∑
j<l2
α1t1jfsj)(1−
n1∑
i=l1
∑
j<l2
α1i1jfij)
= est +
∑
j<l2
α1t1jfsj −
∑
j<l2
α1t1jfsj = est ∈ ϕ(ϕ2(B)).
Thus, est ∈ ϕ(ϕ2(B)) for all 1 ≤ s ≤ k1 < l1 ≤ t ≤ n1. Now, by applying ϕ to
grq ∈ X2 ⊆ ϕ2(B) and using S2R = 0, we obtain
ϕ(grq) = (1 + q)grq(1− q) = (1 + q)grq = (1 +
n1∑
i=l1
∑
j<l2
α1i1jfij)grq
= grq +
n1∑
i=l1
α1i1rfiq ∈ ϕ(ϕ2(B)).
Since (ϕ(ϕ2(B)))
2 = 0 and both est and ϕ(grq) are in ϕ(ϕ2(B)), we have
0 = estϕ(grq) = est(grq +
n1∑
i=l1
α1i1rfiq) = α
1t
1rfsq.
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Hence, α1t1r = 0 for all 1 ≤ r ≤ k2 and all l1 ≤ t ≤ n1. Thus, ϕ(grq) = grq ∈ ϕ(ϕ2(B))
for all r and q. Therefore,
E1 = {est : 1 ≤ s ≤ k1 < l1 ≤ t ≤ n1} ⊆ ϕ(ϕ2(B)) ∩ S
and
E2 = {grq : 1 ≤ r ≤ k2 < l2 ≤ q ≤ n2} ⊆ ϕ(ϕ2(B)) ∩ S.
Put E = E1∪E2 ⊆ ϕ(ϕ2(B))∩S. Since R
2 = 0, one can easily check that ϕ(ϕ2(R0)) =
R0. By changing the Levi subalgebra S to S
′ = ϕ−1(ϕ−12 (S)) we prove that B splits in
A. 
We will need the following result.
Lemma 7.9. Let S be a semisimple finite dimensional associative algebra and let {Si |
i ∈ I} be the set of its simple components. Suppose that M is an S-bimodule. Then M
is a direct sum of copies of Uij, for i, j ∈ I ∪{0}, where U00 is the trivial 1-dimensional
S-bimodule, Ui0 is the natural left Si-module with Ui0S = 0, U0j is the natural right
S-module with SU0j = 0 and Uij is the natural Si-Sj-bimodule for i, j > 0.
Proof. Let Sˆ = S + F1Sˆ, where 1Sˆ is the unity of Sˆ. Then Sˆ is a unital algebra.
Set 1Sˆm = m1Sˆ = m for all m ∈ M . Then M is a unital Sˆ-bimodule. Note that
Sˆ =
⊕
i∈I∪{0} Si, where S0 = F(1Sˆ − 1S) is a 1-dimensional simple component of Sˆ.
Thus, as a unital Sˆ-bimoduleM is a direct sum of copies of the natural Si-Sj-bimodules
Uij such that Uij = SiUSj , for all i and j. It remains to note that Ui0S = 0 and
SU0j = 0. 
Now, we are ready to prove Theorem 7.2.
Proof of Theorem 7.2. Recall that A is 1-perfect with R2 = 0, p 6= 2, 3 and B is a
bar-minimal Jordan-Lie inner ideal of L = [A,A]. Let {Si | i ∈ I} be the set of the
simple components of S. We identify A¯ with S. By Lemma 7.9, the S-bimodule R is a
direct sum of copies of the natural left Si-module Ui0, the natural right Si-module U0j
and the natural Si-Sj- bimodule Uij for all i, j ∈ I. Note that the S-bimodule R has no
components isomorphic to the trivial 1-dimensional S-bimodule U00 as A is 1-perfect
with R2 = 0.
The proof is by induction on the length ℓ(R) of the S-bimodule R. If ℓ(R) = 1,
then R = Uij for some i and j. Note that (i, j) 6= (0, 0). Let A1 = (Si + Sj) ⊕ R
and let A2 be the complement of Si + Sj in S. Then A1 and A2 are 1-perfect. Note
that A2A1 = A1A2 = 0 so both A1 and A2 are ideals of A with A = A1 ⊕ A2. Hence
L = L1⊕L2, where Li = [Ai, Ai] for i = 1, 2. Since L satisfies the conditions of Lemma
6.3, we have B = B1 ⊕ B2, where Bi is a B¯i-minimal Jordan-Lie inner ideal of Li,
i = 1, 2. Since A2 is semisimple, B2 splits. Note that B1 satisfies the conditions of one
of the Propositions 7.5, 7.6, 7.7 and 7.8, so B1 splits. Therefore, B splits.
Assume that ℓ(R) > 1. Consider any maximal S-submodule T of R, so ℓ(T ) =
ℓ(R) − 1. Then T is an ideal of A. Let A˜ = A/T . Denote by B˜ and R˜ the images of
B and R in A˜. Since ℓ(R˜) = 1, by the base of induction, B˜ splits, so there is a Levi
subalgebra S ′ ∼= S of A˜ such that B˜ = B˜S′ ⊕ B˜R, where B˜S′ = B˜ ∩S
′ and B˜R = B˜ ∩ R˜.
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Let P be the full preimage of B˜S′ in B. Then P˜ = B˜S′ ⊆ S
′, so P is a subspace of B
with P¯ = B¯. Let G be the full preimage of S ′ in A. Then G is clearly 1-perfect (i.e.
G = P1(G)), rad(G) = T , G/T ∼= S and P ⊆ G ∩ B. Put B
′ = B ∩ G(−). Then B′
is a Jordan-Lie inner ideal of G(−) containing P , so B¯′ = B¯. Note that G is a large
subalgebra of A (see Definition 6.10). Put C = coreG(−)(B
′). Then by Proposition 6.14,
C is a Jordan-Lie inner ideal of P1(G)
(1) = G(1) such that C ⊆ B′ and C¯ = B¯′ = B¯.
Let C ′ be any C¯-minimal inner ideal of G(1) contained in C. Since G is 1-perfect and
ℓ(T ) < ℓ(R), by the inductive hypothesis, C ′ splits in G. Since C ′ ⊆ C ⊆ B and
C¯ ′ = C¯ = B¯, by Proposition 6.12, B splits in A. 
The following result follows from Theorem 7.2 and Proposition 6.8.
Corollary 7.10. Let L = [A,A] and let B be a Jordan-Lie inner ideal of L. Suppose
that p 6= 2, 3, A is 1-perfect, and R2 = 0. Then B splits in A.
Now, we are ready to prove Theorem 7.1.
Proof of Theorem 7.1. (i) Recall that B is bar-minimal. Since R = radA is nilpotent,
there is an integer m such that Rm−1 6= 0 and Rm = 0. The proof is by induction on
m. If m = 2 , then by Theorem 7.2, B splits. Suppose that m > 2. Put T = R2 6= 0
and consider A˜ = A/T . Let B˜ and R˜ be the images of B and R in A˜. Then we
have R˜ = rad A˜, R˜2 = 0 and A˜ satisfies the conditions of the Corollary 7.10. Hence,
there is a Levi subalgebra S ′ of A˜ such that B˜ = B˜S′ ⊕ B˜R, where B˜S′ = B˜ ∩ S
′ and
B˜R = B˜ ∩ R˜. Let P be the full preimage of B˜S′ in B. Then P˜ = B˜S′ ⊆ S
′, so P is
a subspace of B with P¯ = B¯. Let A1 be the full preimage of S
′ in A. Then A1 is a
large subalgebra of A with P ⊆ A1 ∩ B. Put B1 = B ∩ A
(−)
1 . Then B1 is a Jordan-Lie
inner ideal of A
(−)
1 containing P , so B¯1 = B¯. Put A2 = P1(A1) and B2 = coreA(−)1
(B1).
Then by Proposition 6.14, B2 is a Jordan-Lie inner ideal of A
(1)
2 such that B2 ⊆ B and
B¯2 = B¯. Let B3 ⊆ B2 be any B¯2-minimal inner ideal of A
(1)
2 . Since A2 is 1-perfect
and rad(A2)
m−1 ⊆ Tm−1 = R2(m−1) = 0, by the inductive hypothesis, B3 splits in
A2 = P1(A1). Since B¯3 = B¯2 = B¯, by Lemma 6.12, B splits in A.
(ii) We wish to show that B = eAf for some strict orthogonal idempotent pair (e, f)
in A. By (i), there is a B-splitting Levi subalgebra S of A such that B = BS ⊕ BR,
where BS = B∩S and BR = B∩R. Let {Si | i ∈ I} be the set of the simple components
of S, so S =
⊕
i∈I Si. We identify A¯ with S. By Lemma 4.5, we have B¯ =
⊕
i∈I Xi,
where Xi = B¯ ∩ Si for all i ∈ I. Put J = {i ∈ I | Xi 6= 0}. By Lemma 4.3, for each
r ∈ J there is a matrix realization Mnr(F) of Sr and integers 1 ≤ kr < lr ≤ nr such
that Xr is spanned by the set
Er = {e
r
st | 1 ≤ s ≤ kr < lr ≤ t ≤ nr} ⊆ Sr
where {erij | 1 ≤ i, j ≤ nr} is a basis of Sr consisting of matrix units. Let e =∑
r∈J
∑kr
i=1 e
r
ii and f =
∑
r∈J
∑nr
j=lr
erjj. Then (e, f) is a strict orthogonal idempotent
pair in A with BS =
⊕
i∈J Xi = eSf . Note that eAf is a Jordan-Lie inner ideal of
[A,A] with eAf = eSf = B¯. We are going to show that eRf ⊆ BR. This will imply
eAf = B as B is bar-minimal.
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By Lemma 7.9, the S-bimodule R is a direct sum of copies of the natural left Si-
module Ui0, the natural right Sj-module U0j , the natural Si-Sj- bimodule Uij and
the trivial 1-dimensional S-bimodule U00 for all i, j ∈ I. Let M be any minimal S-
submodule of R. It is enough to show that eMf ⊆ B. Fix r, q ∈ I such that M ∼= Urq.
We can assume that r, q ∈ J (otherwise eMf = {0} ⊆ B). Let {f rqij | 1 ≤ i ≤ nr, 1 ≤
j ≤ nq} be the standard basis of M consisting of matrix units, such that the action of
Sr-Sq on M corresponds to matrix multiplication. Note that
eMf = span{f rqst | 1 ≤ s ≤ kr, lq ≤ t ≤ nq}.
We need to show that f rqst ∈ B for all s and t. First, consider the case when r = q.
Then s ≤ kr < lr ≤ t, so s 6= t. Since e
r
st ∈ B and f
rr
ts = [e
r
tt, f
rr
ts ] ∈ L, by Lemma 6.15,
we have
erstf
rr
ts e
r
st = f
rr
ss e
r
st = f
rr
st ∈ B,
as required. Assume now r 6= q. Fix any ersj ∈ Er and e
q
it ∈ Eq. Since e
r
sj, e
q
it ∈ B and
f rqji = [e
r
jj , f
rq
ji ] ∈ L, using Lemma 2.7, we obtain
{ersj, f
rq
ji , e
q
it} = e
r
sjf
rq
ji e
q
it + e
q
itf
rq
ji e
r
sj = f
rq
st + 0 ∈ B,
as required.
(iii) Since B = eAf , by Lemma 6.18, B is regular. 
Corollary 7.11. Let L = [A,A] and let B be a Jordan-Lie inner ideal of L. Suppose
that p 6= 2, 3 and A is 1-perfect. Then B splits in A.
Proof. Let B′ ⊆ B be a bar-minimal Jordan-Lie inner ideal of L. Then by Theorem
7.1(i), B′ splits in A. Therefore, by Lemma 6.8, B splits in A. 
Now we are ready to prove the main results of this paper.
Proof of Theorem 1.1. Suppose first that B is bar-minimal. We need to show that
B = eAf for some strict orthogonal idempotent pair (e, f) in A. By Lemma 6.2(ii),
B is L-perfect, so by Lemma 5.12, B ⊆ P1(A) and B is a Jordan-Lie inner ideal of
L1 = P1(A)
(1). Let C ⊆ B be a B¯-minimal Jordan-Lie inner ideal of L1. Since P1(A)
is 1-perfect, by Theorem 7.1, there exists a strict orthogonal idempotent pair (e, f) in
P1(A) such that C = eP1(A)f . Note that P1(A) is a two-sided ideal of A, so
CAC = eP1(A)fAeP1(A)f ⊆ eP1(A)f = C
Hence, by Lemma 6.15(iii), C is an inner ideal of L with C ⊆ B and C¯ = B¯. Since B
is bar-minimal, C = B. As e, f ∈ P1(A), we have
eP1(A)f ⊆ eAf = eeAf ⊆ eP1(A)Af ⊆ eP1(A)f.
Therefore, eP1(A)f = eAf and B = C = eAf as required.
Suppose now that B = eAf , where (e, f) is a strict orthogonal idempotent pair in A.
We need to show that B is bar-minimal. Let C ⊆ B be a B¯-minimal Jordan-Lie inner
ideal of L. Then by the “if” part C = e1Af1 for some strict orthogonal idempotent pair
(e1, f1) inA, so e1Af1 ⊆ eAf and e¯1A¯f¯1 = B¯ = e¯A¯f¯ . Then by Theorem 1.1(iv)(a), there
is a strict idempotent pair (e2, f2) in A such that (e2, f2) ≤ (e, f), that is, ee2 = e2e = e2
and f2f = ff2 = f2. Moreover, by Theorem 1.1(iv)(c), e2Af2 = e1Af1 = C, so
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e¯2A¯f¯2 = B¯ = e¯A¯f¯ . We are going to show that e2 = e (the proof of f2 = f is similar).
Since (e, f) is strict, by Theorem 1.1(iii) , e¯2
L
∼ e¯, so e¯ = e¯2e¯ = e2e = e¯2. Hence, there
is r ∈ R such that e2 = e+ r. We have
e + r = e2 = ee2 = e(e + r) = e+ er,
so er = r. Similarly, re = r. Since e2 is an idempotent,
e+ r = e2 = e
2
2 = (e+ r)
2 = e+ 2r + r2.
Therefore, r2 = −r and r2
k
= −r for all k ∈ N. As R is nilpotent, we get r = 0, so
e2 = e. Similarly, f2 = f . Therefore, B = eAf = e2Af2 = C, as required. 
Proof of Corollary 1.2. Since B is bar-minimal, by Theorem 1.1, there exists a strict
orthogonal idempotent pair (e, f) in A such that B = eAf . Therefore, by Lemma 6.18,
B is regular. 
Proof of Corollary 1.3. Let C ⊆ B be a B¯-minimal Jordan-Lie inner ideal of L. Then
by Theorem 1.1, there exists a strict orthogonal idempotent pair (e, f) in A such that
C = eAf , so by Lemma 6.7(i), C splits in A. Therefore, by Proposition 6.8, B splits
in A. 
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